LIMITS OF LOCAL REGULARITY IN ENRICHED
HOMOLOGY

NEGATIVE ANSWERS TO THE COHEN-MACAULAY SUPPORT QUESTION OF
APRODU-FARKAS-RAICU-SAMMARTANO-SUCIU AND THE

PARAMETER-DETERMINACY QUESTION IN FLOYSTAD’S PROBLEM 4

DENZEL ZHENG

ABSTRACT. We give two negative answers concerning the information about enriched homology
imposed by local combinatorial regularity. The support resonance loci of a Cohen—Macaulay simplicial
complex need not propagate. A three-vertex path gives an explicit example, and a family of shellable
flag triangulations of a two-dimensional ball gives examples in which both adjacent Koszul modules
are nonzero. This answers the question in Section 5 of Aprodu—Farkas—Raicu—Sammartano—Suciu.
Separately, the parameters of an (a, b)-design do not determine its reduced homology. Two neighborly
twelve-vertex surfaces have identical parameters and identical face numbers, but distinct Betti
numbers over every field of characteristic different from two. This answers the numerical question
in Flgystad’s Problem 4; the same mechanism gives infinitely many parameter sets. Both results
are expressed through one squarefree face chain complex. Its multigraded strands detect homology
of induced subcomplexes, whereas its generic ranks detect homology of the entire complex. The
resulting module calculations identify both the failure of support propagation and the failure of
homology determination.

1. TWO QUESTIONS ABOUT ONE HOMOLOGY MODULE

Let A be a finite simplicial complex on its actual vertex set V', and let k be a field. Write
S =k[z, :v e V], E= N\(ey:veV), A(A)=E/(ep : F ¢ A).
k

Every singleton is a face, and the empty face is included. Fix an ordering of V to orient the
monomials er. The squarefree face chain complex is

(1.1) Ci(A) = P S(—1p)er,  Olep) = > (1P g ep .
G?i veF

Here 1r € NV is the characteristic vector of F', and pos(v, F) is its position in the ordered face.
The empty-face term is Cy = S. For each pair of deleted vertices, the two orders of deletion have
opposite signs, so 9° = 0. Define

(1.2) Wi(A) = Hi(Co(A)),  Ri(A) =V(Anng W;i(A)) CkV.

The affine scheme is Spec(S/ Anng W;); statements about its support can equally be read in Spec S.
Fach W; is finitely generated, since C, is finite free and .S is Noetherian; thus its scheme-theoretic
support is V(Anng W;). These conventions give Wy = k and R; = @ if W; = 0. The indexing
by face cardinality is one greater than the reduced simplicial homology index. Up to this index
convention, (1.1) is Flgystad’s enriched chain complex [3]; it is also the higher Koszul complex used
in [1].
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The jump resonance locus is defined by

(1.3) RYA) ={a ek : H(A(A),a A=) # 0}, a= Zavev.

veV
The cochain complex in (1.3) is obtained by specializing the dual of (1.1). Specialization before
homology need not agree with taking homology before specialization.

The first question occurs in [1, Section 5, between Examples 5.4 and 5.5]: do the support loci
Ri(A) propagate when A is Cohen—Macaulay? This asks whether Ry C Ry C --- holds in that
class. The subscript denotes the support of enriched homology in (1.2); the superscript in (1.3)
denotes the specialized cohomology degree.

The second occurs in [3, Section 5, Problem 4]. Within the broader request to determine the
homological behavior of (a, b)-designs, it asks whether the dimensions of H;(A;k) depend only on
the numerical parameters n, d, ¢, a,b. The definition of a design is recalled in Section 4. We answer
this explicit parameter-determinacy question negatively.

Theorem 1.1. The following statements hold.

(1) Ower every field, there are shellable flag triangulations D, of a two-dimensional ball, one for
each r > 4, for which

Wi(D,) # 0, Wy (D,) # 0, R1(D;) L Ra(Dy).
More precisely, in variables t,vi, ..., v, ,
Wa(Dr) 2 S/(t)(—1uy,..00})s

and R1(D;) contains the coordinate plane on {t,z}.

(2) For every field of characteristic different from two, there are two (1,1)-designs with identical
parameters (n,d,c,a,b) = (12,3,2,1,1) and identical f-vector (12,66,44), but with reduced
Betti pairs (Bl, 52) equal to (12,1) and (11,0). Their enriched modules have different generic
ranks in degrees two and three.

(3) There are such pairs with parameters (n,3,2,1,1) for every n = 12s, s > 1. If h =
(n —3)(n —4)/12, their Betti pairs are (2h,1) and (2h — 1,0).

The ball examples determine the support of enriched homology through induced subcomplexes.
The design examples determine its generic rank through the homology of the whole complex. In the
latter examples the design condition is imposed on deleted links, as in Definition 4.1.

2. MULTIGRADED STRANDS, MULTIPLICATION, AND GENERIC RANK

For U C V, let Ay be the induced subcomplex. Reduced chains include the augmentation term
in degree —1; in particular, H_;({@};k) = k.

Lemma 2.1. For a € NV with support U, there is a natural isomorphism
(2.1) [Wi(A)]a = Hi1(Ay; k).

If oy, > 0, multiplication by x, identifies this strand with the strand at o + 1,. If a, = 0, that
multiplication is the homology map induced by Ay — Ayygyy. Moreover,

(2.2) rankg W;(A) = dimy H;_1(A; k).

Proof. In degree «, the summand indexed by F'in (1.1) is nonzero exactly when F' C U. It then has
the basis vector 2% 1Fep. The boundary of this vector is the alternating sum of the corresponding
basis vectors indexed by F'\ {v}. Thus the entire strand is the augmented simplicial chain complex
of Ay, with its degree shifted by one. This proves (2.1). Multiplication by z, takes every such basis
vector to the identical normalized face in the next strand. It is the identity if the support stays
fixed, and is the induced inclusion map if a vertex enters the support.
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Let K be the fraction field of S. In K ®g C,, replace er by

or — (H xv>1 r.

veF
Its boundary is the ordinary alternating face boundary. Hence the localized complex is the augmented
chain complex of A over K. Localization is exact, and extending coefficients from k to K preserves
the homology dimensions of this finite complex. This gives (2.2). O

The strand formula is classical in enriched homology and squarefree Koszul theory; see [3, 1]. Its
multiplication maps identify the entire module in the examples below.

Lemma 2.2 (Coning). If c* A is the cone with a new vertez ¢, then, as a module over S|x.],
(2.3) Wie*x A) 2 W;i(A) @k klz.]/(x.).
Coning preserves the homological index of the enriched modules.

Proof. The faces of the cone are F' and {c} U F, with F' € A. Ordering c last identifies its face
complex with the tensor product of Ce(A) and the two-term complex

k[z)(=1) £ kzd].

The latter has homology k[z.]/(z.) in degree zero only. The Kiinneth formula over the field k, or
the long exact sequence of the mapping cone of multiplication by z., gives (2.3). O

3. COHEN—MACAULAYNESS DOES NOT IMPLY SUPPORT PROPAGATION

We use the following precise classical criterion. A finite pure complex A is Cohen—Macaulay over
k if and only if, for every face F', including the empty face,

(3.1) H;(lka F;k) =0 for j < dimlka F.
This is Reisner’s criterion; see [5, Chapter II, Section 4]. We also use the classical fact that a pure

shellable complex is Cohen-Macaulay over every field [5, Chapter III, Section 2.

3.1. The three-vertex path. Let P have facets {1,2} and {2,3}. It is a connected pure graph
with nonempty vertex links, so (3.1) proves that it is Cohen—Macaulay over every field. Its entire
face complex is

0— 5(-2)2 2 5(—-1)* 25 5 — 0,
where, in the bases (e12,e23) and (eq, ez, e3),

— X9 0
(3.2) D=\ 11 -—x3], o= (xr1 x2 x3).

0 To
The first and third rows show that 0, is injective. The cycles in degree one of the full three-variable
Koszul complex are generated by
Zij = Tijej — Xje; (1§i<j§3)

with relation z1293 — 2213+ x3212 = 0. For completeness, this is the middle part of the exact Koszul
complex for the regular sequence x1, x2, x3; its exactness follows by tensoring the three two-term
complexes successively, since each next variable is a non-zero-divisor modulo the previous ones.
Quotienting by im 0y kills z19, 203 and leaves the single relation zsz13 = 0. Consequently

(3.3) Wi(P) = 5/(x2)(-2), Wa(P) =0, Ri(P) =V(x2), Ra(P)=2.

The nonempty plane V(z3) and the empty next support give a negative answer to the support
question of [1].
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The jump loci can be computed from the same matrix. At a # 0, the transpose of (3.2) has rank
two if ag # 0, and rank one if as = 0. The incoming cochain map from A° has rank one. Therefore
dim H! = 3 — 1 — rank d3(a) and dim H? = 2 — rank 2(a): both vanish in the first case and have
dimension one in the second. At a = 0 their dimensions are three and two. Therefore

(3.4 RI(P) = R3(P) = V(z2)
although the support loci in (3.3) do not propagate.

3.2. Nonzero adjacent modules on a shellable flag ball. For » > 4, let D, have vertices
t,v1,...,v., x and facets

(3.5) {t,vi,viv1} (1 <i<r), {v1,vg, 2},

where v,11 = v1. It is the cone disk on an r-cycle with one triangle attached along the boundary
edge vivy. It is therefore a triangulation of a two-dimensional ball. The cone triangles in cyclic
order, followed by the last triangle, give a shelling: each new triangle meets the preceding union in
one edge, except that the last cone triangle meets it in its two radial edges. These intersections
are pure of dimension one. The complex is flag, since the cycle has no triangular clique, and x is
adjacent only to vy, ve.

Cohen—Macaulayness also follows directly from (3.1). The ball is contractible; the link of ¢ is a
cycle; the other vertex links are paths; and every edge is contained in a triangle. These are all the
required lower-homology vanishing conditions.

Proposition 3.1. For the complex (3.5), set S =Kk[t,v1,...,v.,z]. Then

(3.6) Wa(Dy) = 5/(0)(-Loypy)s  WilDr) =0 (22 3).
There is a surjective S-module homomorphism
(3.7) Wl(Dr) — S/(Ula---avr)(_l{t,x})-

In particular both W1, Wo are nonzero and Rq1(D,) € Ra(D;).

Proof. Consider an induced subcomplex (D,)y. If t € U, its part on {¢,v1,...,v,} is a cone, and the
part involving x, when present, is a simplex on z and those of v, v which lie in U. The intersection
is a simplex or empty. The reduced Mayer—Vietoris sequence gives zero homology in degrees one
and two.

If t ¢ U, the induced subcomplex is a subgraph of the cycle, possibly with the filled triangle on
v1, 2, x or some of its faces. When both v, vs occur, this triangle collapses onto its base edge; when
only one occurs, it contributes a pendant edge; and when neither occurs, x is isolated. Thus its
first reduced homology is nonzero exactly when {vi,...,v,} C U, and is then one-dimensional. Its
second reduced homology always vanishes.

Orient the cycle by v; — v; 11, with indices read modulo r. Use these orientations for the symbols
changing their signs when they disagree with the fixed vertex order. The homogeneous chain

T
(= Z H Uj | Cvsviqr
=1 \j¢{ii+1}

has multidegree 1y, . 1. Its boundary is zero: at e,, the contributions from the two incident
oriented edges cancel. Moreover,

t(=0 (Z ( H 'Uj) etvivi+1) )
i=1 \jg¢{iitr1}

where the triangles are oriented in the displayed order; their radial-edge terms cancel in pairs. Thus
[(] defines a map S/(t)(—1yy,,....0,}) = W2(Dr). In each multidegree supported on all cycle vertices
and excluding ¢, its image is the ordinary oriented cycle generator under Lemma 2.1. Adjoining x

Cvviq1H



LOCAL REGULARITY AND ENRICHED HOMOLOGY 5

preserves this generator, and adjoining ¢ kills it. The preceding induced-subcomplex calculation
shows that the map is an isomorphism in every multidegree. It also gives W;(D,) = 0 for i > 3.

To obtain (3.7), put So = S/(v1,...,v,) =klt, 2] and regard the face complex of the two isolated
vertices t, x over Sy as an S-complex. Define an S-linear map by reducing each coefficient to Sy and
sending ep to itself when F' C {t,x}, and to zero otherwise. It is a chain map: if a discarded face
loses its only discarded vertex, the corresponding boundary coefficient is that vertex variable and is
zero in Sy. The cycle

te, — xes

maps to the generator of the first homology of the two-point complex: the kernel of Sye; & Spe, — So,
with row (¢, ), is the free module generated by this cycle. Its multiples therefore prove surjectivity
on homology. The target has support the coordinate plane on {t,z}. Localization of the surjection
shows that this plane lies in R1(D,). By (3.6), Ra2(D,) = V(¢), and the point with ¢ = 1 and all
other coordinates zero belongs to the plane and lies outside V(). O

There is also a local description of this defect. Let C' be the cone subcomplex and put a = v,
b = vy. The relative face complex Cq(D,)/Ce(C) has generators ey, €z, €py, €aps and is the two-
variable Koszul complex on a, b, shifted by one. Since a, b form a regular sequence, its only homology
is S/(a,b) in degree one, with generator degree 1,. On Co(C)[t™!], exterior multiplication by ¢t~ te;
is a contracting homotopy: the Koszul boundary identity d(e; A u) = tu — ez A Qu gives Oh+ ho = 1.
The relative long exact sequence gives
(3.8) Wi(Do)[t™] = S /(a,b)(=10),  Wa(Dp)[t™'] =0.

Thus the failure occurs on a nonempty principal open set while W5 remains globally nonzero.

3.3. Failure in every homological index. Let I' be the boundary of an r-simplex, » > 1, and
let B, = c¢xI'. Write Sr = klz, : v € V(I')] and Sp, = Sr[z.]. This is a Cohen-Macaulay r-ball.
Indeed links in I' are boundaries of simplices, and the cone links are either such boundaries or cones
on them, so (3.1) applies. The face complex of I" is the full (r + 1)-variable Koszul complex with its
last term removed. Its homology is therefore
w,.(T) = Sr(—lv(p)), WiT)=0 (1<i<r).
Lemma 2.2 yields
Wy (By) = SBT/(xC)(_lva“))? Wii1(By) = 0.

Thus support propagation can fail at every positive homological index. Here the next module
vanishes. Proposition 3.1 gives a failure with both adjacent modules nonzero in degrees one and two.

4. DESIGN PARAMETERS AND GLOBAL ORIENTABILITY

For a complex on [n], its Alexander dual is
A*={F Cin]:[n]\ F ¢ A}.
It is bi-Cohen—Macaulay over k if both A and A* are Cohen—Macaulay over k. Let dimA =d — 1,

and let ¢ be the largest integer such that every c-element vertex subset is a face. Its frame dimension
is ¢ — 1. For A C [n], write A_4 for the induced deletion.

Definition 4.1 (Flgystad). The complex A is an (a,b)-design if, for every pair of disjoint sets
A, B C [n] with |A| = a, |B| = b, the complex

(Ika B)—a
is bi-Cohen—Macaulay, with dimension d — 1 — b and frame dimension ¢ —1 —b. All Cohen—Macaulay
conditions are taken over the fixed field k.

This is the definition in [3, Section 4.3|, which imposes the Cohen-Macaulay conditions on the
deleted links. The positive-genus closed surfaces below satisfy these local conditions.
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Lemma 4.2. A path on m > 4 vertices is bi-Cohen—Macaulay over every field. Its dimension is
one and its frame dimension is zero.

Proof. The path is a connected pure graph with nonempty vertex links, so it satisfies (3.1). Number
its vertices consecutively. Its minimal nonfaces are exactly the pairs {i,j} with j > i+ 2: every
larger nonface contains such a pair. The facets of its Alexander dual are therefore

Fij=[m]\{i,j}, i<yj, j>i+2
All have the same cardinality. Order them lexicographically by (i, j). For an earlier Fj; and a later

F;;, if k =i then their intersection is already a codimension-one face of Fj;. If k < ¢, the facet Fy;
is legitimate and earlier, and

FyNFj C Fiy; N Fj = Fi \ {k}.

In the second case j — k > 3, so Fy; is indeed a facet. Every intersection with the preceding union
is consequently a union of codimension-one faces. For every facet after Fy3 this union is nonempty:
use 1 j_1 when ¢ =1 and j > 3, and F7; when ¢ > 1. This proves the pure shelling criterion. The
dual is pure shellable and hence Cohen—Macaulay over every field. The path is not a complete
graph, so its frame dimension is zero. ]

Lemma 4.3. Let A be a simplicial triangulation of a connected closed surface on n > 6 vertices,
with one-skeleton K,. Then it is a (1,1)-design over every field, with d =3 and ¢ = 2.

Proof. For each vertex wv, its link is a simplicial circle. Every other vertex occurs in that circle
because the one-skeleton is complete; hence it is a cycle on n — 1 vertices. Deleting any w # v
leaves a path on n — 2 > 4 vertices. Lemma 4.2 proves exactly the bi-Cohen—Macaulay assertion in
Definition 4.1. The original dimension is two. Every pair is an edge, but not every triple is a face: a
fixed edge belongs to exactly two triangles, whereas there are n — 2 > 2 possible third vertices. Thus
the original frame dimension is one, and the deleted link has dimension one and frame dimension
zero, as required. [l

Proposition 4.4. For each n = 12s, s > 1, there exist two simplicial complexes Ay, A_ that
are (1,1)-designs over every field, with the same parameters (n,3,2,1,1) and the same complete
f-vector. Over a field of characteristic different from two, writing h = (n — 3)(n — 4)/12, their
reduced homology dimensions are

(4.1) (Br.Ba)(Ay) = 2h1),  (BuBa)(A-) = (2h—1,0).

Proof. We use the classical triangular-embedding existence theorem for complete graphs, in the
following precise range: if n = 0 (mod 12), n > 12, then K, has triangular embeddings both
in the orientable surface of genus (n — 3)(n — 4)/12 and in the nonorientable surface of genus
(n —3)(n —4)/6. This is a consequence of the complete triangular embedding theorem summarized
in [2, Section 2]; its classical source is [4]. For n = 12, existence in both surface types is also explicit
in [2, Theorem 4].

These embeddings give genuine simplicial surface triangulations. Each triangular face has three
distinct vertices. Two faces cannot have the same three vertices: in a vertex link they would give the
same edge twice, contrary to the link being a single cycle on n — 1 > 5 distinct neighbors. Indeed
each edge incident with a vertex occurs once in its cyclic rotation, and K, has exactly one edge
from that vertex to each neighbor. Let these triangulations be A, and A_. Lemma 4.3 makes both
(1,1)-designs over every field.

Fach edge belongs to exactly two triangular faces, so both have

(4.2) fo=n, f1=<;l>, f2=§<g>, in—;<g>:2—2h.
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Their face vectors are consequently identical. The standard one-vertex cellular presentation of an
orientable genus-h surface has 2h one-cells and one two-cell attached by a product of commutators.
Its cellular two-boundary is zero, giving H; = k?" and H, = k. A nonorientable genus-2h surface
has 2h one-cells and a two-cell attached by the product of their squares. Its cellular two-boundary
is the column (2,...,2)T, of rank one when chark # 2. It gives H; = k! and Hy = 0. Both
surfaces are connected, so their reduced degree-zero homology vanishes; their homology in degrees
above two also vanishes. This proves (4.1). O

For n = 12 one has h = 6 and (4.2) gives (fo, f1, f2) = (12,66, 44). Thus the single fixed parameter
set (12,3,2,1,1) already disproves parameter determinacy over Q. By (2.2), the same examples give

(rank Wo, rank W3)(A4) = (12, 1), (rank W, rank W3)(A_) = (11,0).

Thus the generic ranks differ over each fixed field of characteristic different from two.

Remark 4.5. In characteristic two the cellular two-boundary of the nonorientable surface is zero.
Both surfaces then have Betti pair (2h, 1). The Betti-number distinction in Proposition 4.4 therefore
holds in characteristic different from two. The local design conditions hold in every characteristic.

5. SUPPORT, GENERIC RANK AND LOCAL DESIGN CONDITIONS

Proposition 3.1 answers the support-propagation question of [1, Section 5], even if both modules
under comparison are required to be nonzero. In (3.6) and (3.7), the induced cycle generates Wa,
and the missing edge gives a quotient of W; supported on a coordinate plane extending outside
V(t). These induced-subcomplex homology classes occur in a shellable Cohen—Macaulay ball. The
path calculation (3.4) also exhibits equal jump loci alongside unequal support loci.

Proposition 4.4 answers the parameter-determinacy question in [3, Problem 4]. The two surface
types have the same deleted links and face numbers; their cellular two-boundaries have different
ranks because their orientability differs. Among the connected neighborly closed surfaces considered
here, n and orientability determine the Betti numbers in characteristic different from two. We have
not yet classified the homology of arbitrary (a,b)-designs.

Both answers follow from the face complex (1.1). Its strands recover induced-subcomplex
homology, and its generic rank recovers global homology. The counterexamples show that local
Cohen—Macaulay conditions and numerical design parameters leave these invariants undetermined.
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