INTEGRAL HOMOLOGY OF MILNOR FIBER BOUNDARIES

SUGAWARA’S CONJECTURE 1.4 AND THE TORSION PROBLEM OF
NEMETHI-SZILARD

DENZEL ZHENG

ABSTRACT. For every complex projective line arrangement, we express the entire torsion subgroup
of the first homology of its Milnor fiber boundary as the middle homology of a finite incidence
complex. The two maps are a modular Orlik—Solomon gradient and local congruence defects. The
formula preserves all prime-power invariant factors and gives a closed torsion-order formula with a
modular resonance correction. It answers the torsion-formula problem of Némethi—Szilard and proves
all three assertions of Sugawara’s Conjecture 1.4: the nonresonant formula, the covering-degree
bound on torsion orders, and the pencil or near-pencil characterization of torsion-freeness. The last
assertion follows from a peripheral-cover presentation, a modular lower bound, and complementary
large-point and small-point incidence estimates.

1. THE OPEN PROBLEMS AND A FINITE INCIDENCE FORMULA
Let A= {Li,...,L,} be n > 2 distinct projective lines in P?(C), and write
U="P\JL.
i

Let F be the reduced Milnor fibre of the corresponding central arrangement in C2, and let OF
denote its compact Milnor boundary. The set X comprises all intersection points, including double
points. For z € X put

I, ={i:z € L;}, my = |1, d, = ged(mg, n), R=7/nZ.

Let T" be the full bipartite incidence graph with line vertices, point vertices, and edges (i, x) for
i € I, oriented from lines to points. It is connected. Its cycle module over R is

(1.1) Z1(T; R) = < (cig) - Z iz = 0 for every 1, Z iz = 0 for every x
z€L; i€ly

It is free of rank

(1.2) b:Z(mI—l)—n—i—lzbz(U;Z).
The ordinary arrangement cohomology [3] gives b;(U) =n — 1 and
(1.3) xU)=b—n+2.
Define finite modules
(1.4) L, =ker(S:R" = R)/R1,  Cp=ker(X: (Z/dy)" = Z/dy)/(Z/dy)1.
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The constant vectors lie in the respective sum-zero modules because n = 0 in R and d, | m,. Each
is a primitive free cyclic summand, as projection to one coordinate takes 1 to 1. Consequently
L, = R % and C, = (Z/d;)™=~2. At a double point, C, = 0.

The two maps in our formula are

(1.5) A: L, — Z1(I'; R), (Aa)iy = mga; — Z aj,
JEI
(1.6) p:Z1(IR) — @C’w, p(c)z = [(ciz mod dy)ier,]-

Every pair of lines meets at exactly one point, so

3 SR oI

€L, i€l
Constant potentials map to zero. leferences of incident values of Aa are my(a; — a;), hence zero
modulo d,. Thus these are well-defined maps and pA = 0.
Theorem 1.1 (Complete torsion formula). For every complex projective line arrangement,
(1.7) Tor Hi(OF;7Z) = ker p/ im A.
FEquivalently, the entire finite group is the middle homology of

R™2 % R & @Dz /d,) 2,
x

with the basis-free maps (1.5)—~(1.6). If By, = ker A, its order is

x(U) 2
(1.8) | Tor Hy(OF; Z)| = %.

I, dz*
The free rank is
(1.9) rank Hy (0F;Z) =Y [1+ (mg — 2)da].

xT

Némethi-Szilard ask for a torsion formula in [2, Problem 24.4.19]; Suciu repeats the problem in
[4, Problem 7.12], and Sugawara in [5, Problem 1.2]. Theorem 1.1 provides a uniform formula in
terms of incidence modules and their maps. The known free-rank formula (1.9) is recovered in its
proof, while (1.7) determines every torsion invariant factor.

Sugawara’s Conjecture 1.4 in [5] consists of the following three assertions, proved in Sections 4-8.

Theorem 1.2. For a central arrangement of n distinct planes in C3:
(1) If (mg — 2)(ged(mg,n) — 1) = 0 for every intersection point, then
Tor H,(9F; Z) = (Z/n)XY)
(2) The deck group acts trivially on this torsion subgroup, and n Tor Hy(0F;Z) = 0. In particular,

a cyclic subgroup of order m can occur only if m | n.
(3) H1(OF;Z) is torsion-free if and only if the projective arrangement is a pencil or a near-pencil.

Here a pencil has all lines through one point, and a near-pencil has n — 1 lines through one point
and a remaining line avoiding it. Two projective lines form a pencil. Three form either a pencil or a
triangle, which is a near-pencil. A single plane has boundary S2 and is handled separately.
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2. THE BOUNDARY COVERING AND ITS PERIPHERAL LATTICES

Blow up P? at every = € X, including double points. The reduced total transform is a normal-
crossing union of rational curves with dual graph I'. Its strict-transform line has multiplicity 1, and
the exceptional curve over x has multiplicity m,. Let Y be the boundary of a regular neighbourhood
of this divisor. The Milnor boundary is the cyclic n-cover Y,, — Y with meridian character 1 on
lines and m, on exceptional components; see [6, Propositions 2.2-2.3]. In the standard plumbing
presentation its character is zero on the graph-cycle generators. This identification follows as well
by restricting the homogeneous Milnor covering of the projective complement to its boundary collar.

The plumbing decomposes Y into circle bundles over punctured spheres. At each edge the gluing
interchanges the fibre of one component with a peripheral curve of the other. Every vertex piece
and edge torus has connected preimage: its fundamental group maps onto R, through the fibre
at a line vertex and through any peripheral curve at a point vertex. The covering decomposition
therefore has the same graph T'.

Let Py be the sum of the homologies of the base vertex pieces, and P; the sum, in the covered
pieces, of the subgroups generated by their boundary tori. Pushforward embeds P; as a finite-index
lattice in Py. Each base surface has nonempty boundary, so its circle bundle is trivial. Its first
homology is the direct sum of the fibre class and the surface homology. Boundary circles span a
primitive subgroup of the latter: quotienting gives the homology of the capped surface. Thus the
quotient by the fibre and boundary classes is free. Pushforward is injective on this subgroup by
the lattice calculations below. Let Ey and E; be the corresponding sums of edge-torus homologies.
Pushforward embeds F4 in Ey with index n at each edge, and

EO/EI ~ REdgeS(F).

Write jo : Fg — Py and j1 : By — P for the signed inclusion maps. All pushforward squares
commute.

2.1. Line and point pieces. On a line piece the fibre character already surjects onto R. The
cover has fibre degree n and unchanged base, so no genus classes occur. Its local fundamental group
is the product of a free group with the fibre group Z. For any base loop, a fibre power cancels its
character; the covering subgroup therefore abelianizes onto precisely the kernel of the character on
homology. Its pushforward lattice is ker(Py; — R), with quotient R.

For a point of multiplicity m, put d = ged(m,n) and h = n/d. Quotienting the deck group by
the fibre image gives a degree-d cover of the base surface. Each peripheral has character 1 in this
quotient, so every boundary has a single degree-d preimage. There are exactly m boundary circles,
and Euler characteristic gives genus

(m—2)(d—1)

(2.1) Go =5

The base peripheral classes by, ...,b,, form a basis of its first homology: the fibre is f = >, b;,
because the exceptional curve has self-intersection —1. Choose an integer a with am = d (mod n).
The pushforwards of the covered fibre and peripherals generate the lattice

(2.2) Py, =(hl, de; —al (1 <i<m)) CZ™.

The fibre degree is h; a peripheral needs d turns around the base and the indicated fibre adjustment
to have trivial character.

Lemma 2.1. The lattice (2.2) is exactly
(2.3) {c ezZm: Zci =0 (modn), ¢ =c¢; (modd) for all i,j} .
i

Its index is nd™ 2.
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Proof. Every generator satisfies the congruences. The congruence lattice contains nZ™, so its
index can be computed modulo n. Write ¢; = r 4+ dk;, with » mod d and k; mod h. The sum
condition is 3, k; = —(m/d)r mod h. There are dh™ ! admissible vectors modulo n, giving index
n™/(dh™~1) = nd™~2. The maximal minors of the generator matrix in (2.2) are d™!(d — am) and,
up to sign, hd™~!. Since n | d — am, their greatest common divisor is hd™~! = nd™~2. The two
lattices therefore have the same index and are equal. ]

2.2. The base has torsion-free homology. Let W send each strict-transform line to h—>_, /. ex
and each exceptional curve to e;, in Hy of the blown-up plane. In these bases the intersection
matrix is

(2.4) Q=wTJw, J = diag(1,-1,...,—1).

The map W is onto: exceptional columns give all e, and any line column then gives A. Thus JW
is onto and im Q = im WT. A right inverse of W over Z dualizes to a left inverse of W7, so this
image is primitive. Thus the plumbing cokernel is free, as is its additional graph-cycle summand. In
particular, Hy(Y';Z) is torsion-free and coker jj is free of rank n — 1.

Peripheral and edge pushforwards are rational isomorphisms. Consequently coker j; — coker jg
is a rational isomorphism with free target. Every torsion class lies in its kernel, and every kernel
class is zero after tensoring with @Q, hence is torsion. The covered-piece quotients by P; and the
graph-cycle quotient in Mayer—Vietoris are free. Hence

(2.5) Tor Hy(Yy; Z) = ker(coker j; — coker jo).
The free rank of coker j; is n — 1. Adding the covered genera and graph cycles gives

rank Hy(Y;Z) =n—1+b+ Z(mx —2)(d, — 1).
Using (1.2) simplifies this expression to (1.9).

3. PASSING TO THE FINITE INCIDENCE COMPLEX

The inclusion square of lattices induces
w : Eo/E1 — P()/Pl.

An edge value ¢;;, € R can be represented by ¢;, times the adjacent line fibre. At its line endpoint its
character is ¢;,, and at its point endpoint its pushforward is ¢;;b;. The line condition and Lemma 2.1
therefore say
P() =0 <= ceZi(I''R), p(c)=0.

Thus ker ¢ = ker p.
Lemma 3.1. There is an isomorphism

ker(coker j; — coker jo) = ker ¢/ im(ker jo — Eo/E1).
Proof. If e € Ej represents a class in ker, then jo(e) € P; and defines a class in coker j; whose

image in coker jj is zero. Every kernel class arises this way. It is zero precisely when jo(e) = jo(e1)
for some e; € E1, or e € E1 + ker jo. Quotienting proves the assertion. O

We now identify the remaining image. On edge (i, x) choose coordinates t;; f; + Siz fr in the two
component fibres, and use a positive inclusion at the line and a negative inclusion at the point. Put
e; =1 —#{x:x € L;} for the strict-transform self-intersection. Each vertex has the single relation
evfo + > bye =0, with e, = —1 at a point. A kernel vector of jy must therefore satisfy

Siz = Ni, Ztiaz = e\, —tiz = Az, - Z Siz = — Az
T %
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The resulting consistency conditions are QA = 0. By (2.4) and injectivity of W7, these are exactly
WA=0,or

(3.1) > Xi=0, e =D i

i icl,
The covering character on that vector is ¢;; + My Sie = maA; — Az Therefore its image modulo n is
exactly im A. Every sum-zero vector modulo n admits an integral sum-zero lift, by adjusting one
entry by a multiple of n. Constants give zero image, accounting for the quotient in L,. Lemma 3.1
and (2.5) prove (1.7).

Remark 3.2. For an intermediate N-fold boundary cover with N | n, the same covering-lattice
calculation applies with R =Z/N, d, = ged(m,, N), and Ly = ker(X : R — R)/R1. The module
Ly is free of rank n — 2 because N | n. Each edge pushforward has index N, and the point lattice
has index Nd™=~2, so the proof gives Tor H1(Yn;Z) = ker py/im Ay directly.

4. DUALITY, RESONANCE, AND THE TORSION ORDER

The module B, = ker A has the explicit description

(4.1) B, = {a e R": Zai =0, mga; = Z a; for all i € Ix} /R1.
i jels

For every N | n, define By by the same formula (4.1) with coefficient ring Z/N; equivalently it
is the kernel of the coefficient version of A in Remark 3.2. In particular B, and By« below refer
to these coefficient kernels. The module B, is the first Aomoto cohomology of the projective
Orlik—Solomon algebra over R in the all-ones direction. To check this description directly, use the
integral degree-two pencil basis at each point: the coefficients of 1 A a are the expressions in (1.5).
The degree-one projective module is the sum-zero module, and the degree-zero image is R1, since
n =0 in R. These integral coefficients also describe points whose multiplicity is a nonunit in R.

Lemma 4.1. Pontryagin duality gives
Hom(coker p, Q/Z) = B,,.

Proof. Each C, has a perfect pairing with itself, the dot product of representatives divided by d,
valued in Q/Z. Constants are annihilated by sum-zero vectors, and the orthogonal complement of
the sum-zero module is the constant module; thus the induced pairing is perfect, also for composite
dy.
A tuple r, € C, pulls back along p to the edge cochain (n/d,)r, over R. It annihilates all graph
cycles precisely when it is a vertex gradient. This characterization holds over R by a spanning-tree
basis of cycles. Write its potentials as u; on lines and u, on points, so

(4.2) Uy — u; = (n/dy)ri;  (mod n).

Such sum-zero r, exist exactly when the incident u; agree modulo n/d, and my,u, = > i 1, Wi
modulo n. These conditions are equivalent to m,u; = Zje 1, W) for all incident ¢: the annihilator
of m, in R consists of multiples of n/d,. For the converse, choose u, = u;, at one incident line
and put ri; = (ugy — w;)/(n/dy) in Z/d,. The incident differences are divisible by n/d,, and
their sum is zero modulo n, so ), 7i; = 0 modulo d,. The line-divergence identity then gives
0= per,(Mati — > e, uj) = nu; — > ; uj, proving -, u; = 0 in R. Changing u, by n/d, changes
r; by a constant, already factored out in C,. A common change of every vertex potential changes
no gradient. If every r, class vanishes, all incident line potentials agree, and connectedness makes
them globally constant. Conversely any A-cocycle gives these gradients. This establishes the stated
bijection with (4.1). O
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Taking orders in the finite complex gives
|Z1] ] coker p| . | L]
kerp| = ——————, imA| = .
el =g o AT B,

Lemma 4.1, |Z;| = n®, and |L,| = n"~2 now give (1.8). This completes the proof of Theorem 1.1.

4.1. The nonresonant formula. If (m,—2)(d,; —1) = 0 for all z, then every C; is zero. Lemma 4.1
gives B,, = 0. Thus A is an injection of free R-modules. Over each local factor Z/p® of R, Smith
form has only unit pivots: a nonunit pivot would have a nonzero annihilator and yield a kernel.
The injection therefore splits, and its cokernel is free of rank b — (n — 2) = x(U). This proves
Theorem 1.2(1).

More generally, write a = v,(n) and b/, = min(a, vy(m,)) for p | n.

Corollary 4.2. If B, =0, then
Tor H\(OF; 2), = (Z/p" X" v @ @ (Z/p" )™ 72 ry= Y (m,—2).

z:p|mg z:p|lmg

Terms of exponent zero are omitted.

Proof. Smith form of an integer matrix for A shows that B, = 0 implies By« = 0. Hence A
splits over Z/p“, leaving a free middle quotient of rank x(U). Lemma 4.1 says that the induced
p is surjective. Its target is @w(Z/pb;)mz_z. Smith form of this surjection makes its kernel the
displayed group; the unused coordinates give the x(U) — r, free factors. In particular this number
is nonnegative. (]

5. DECK INVARIANCE AND THE EXPONENT BOUND

The deck action on the peripheral subgroups gives both its triviality on torsion and the transfer
proof of the exponent bound.

For each covered vertex piece, let P, be the subgroup generated by its boundary tori. Its quotient
is the free homology of the capped base surface. Every deck transformation preserves each covered
boundary torus, since its preimage is connected, and acts on it by a translation. It therefore fixes
its integral homology and consequently every element of P,. The gluing image lies in P = @, P,.
The two exact sequences

0= P/im j1 — (B, H1(Vy))/ imj1 — (B, H1(V»))/P — 0
and
0— (D, H1(Vy))/im j1 — H1(Yn; Z) — H1(I5Z) — 0
have free final terms. Thus the entire torsion lies in the pointwise fixed quotient P/im j;. For
a torsion element z, pushforward to H;(Y;Z) is zero because the latter is free. Integral transfer
satisfies
tr q.z = Z gx2 = Nz.
gely,
It follows that nz = 0, proving Theorem 1.2(2).

6. A PERIPHERAL PRESENTATION

To prove the torsion-free characterization, we use a presentation in which every covering coefficient
remains integral. Blow up only points of multiplicity at least three, leaving double points as ordinary
normal crossings. Let ¢ be the number of blown points, £ the number of edges of this graph, and
V = n 4+t its number of vertices. Set

(6.1) c=x(U)=FE-2n—1t+3.
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At a multiple point put d, = ged(my,n), hy = n/d,, and g, = m,/d,. The notation g, in this
section is a covering coefficient; the genus in (2.1) will be written ~,.

Proposition 6.1. The potentially torsion-bearing part P of Hi(OF;Z) has generators F;, Gy, qui,
and q;j, with relations

(6.2) heui + o Fi — G =0 (i € 1),

(6.3) Y ¢ui =0, 3N Fi—d,Gy =0,
i€l, i€,

(6.4) F; — F; =nq;; at a double point,

(6.5) F; + Z ge =0 on each line.

e outward from i

Double edges have opposite signs at their ends; a point-edge qu; is outward from its line. Furthermore,
rank P =n —1, Hl(aF;Z)§P®Zb1(F)+QZz7“.
The splitting as abelian groups need not be deck-equivariant.

Proof. In the uncovered edge basis put F; = nf;, G, = (n/d;)fz, and gz = fr — myfi. The
two generators of its covering lattice give (6.2). Choose a with am, = d, (mod n) and set
¢y = (dy — amy)/n. The lifted point peripheral is
pi = dofi — afe = —aqq; + c. F.
Its relation is Y, p; — czd Gy = 0. Put S =3, gz and A =", F; — d;G5. The peripheral relation
and the sum of (6.2) become —aS + ¢;A = 0 and h,S + g, A = 0. Their coefficient matrix has
determinant
(n/dg)cy + (my/dg)a = 1.
It is unimodular, giving (6.3) integrally. At a double edge the fibre difference gives (6.4). At a line,
write r; for the number of blown points on it. Its self-intersection is 1 — r;. Pair counting on that
line gives
Z (mg — 1) + #{double points on L;} =n — 1.
z€L;,mys>3
Thus the self-intersection plus adjacent divisor multiplicities is n. Substituting f, = q.; + m.f; at
point edges and f; = ¢;; + f; at double edges into the line relation gives nf; + >, g. = 0, which is
(6.5).

The quotients by the peripheral subgroups and the graph-cycle quotient are free, yielding the
asserted abelian splitting. Their pushforwards are rational isomorphisms, as in Section 2; the gluing
cokernel has the rational rank of the base plumbing cokernel. The matrix WTJW has rank ¢t + 1, so
this rank is V — (t+ 1) =n — 1. O

7. A MODULAR LOWER BOUND AT EVERY MULTIPLE POINT

For p | n write a = v,(n), and let
7p = dimp, (Tor Hy(OF;Z) @ F,).
A blown point is called high for p if v,(m,) > a. This designation excludes unblown double points.

Proposition 7.1. For every prime p | n,

(7.1) Tp > € — Z (my — 2).

x high for p
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Proof. By Proposition 6.1, dimg,(P ® F,) = n — 14 7,. Its dual is the scalar solution space of
(6.2)-(6.5) over k = IF),. Consider the following auxiliary incidence space: at each blown point require
all incident F; to equal a new vertex value F, and require ), ¢;; = 0. Retain the double-edge
equalities F; = F; and all line equations.

The first requirements make every vertex value equal a common f, since the graph is connected.
The remaining equations say that the edge flow has divergence — f on each line and zero on point
vertices, up to the fixed incidence orientation. A flow with these divergences exists because their
total is —nf = 0 in k. The incidence map of a connected graph surjects onto sum-zero vertex
vectors. Each such solution is a translate of its cycle space of dimension £ — V + 1. Thus the
auxiliary solution space has dimension

(7.2) E-V+2=mn-1)+c

At a non-high point, h, = 0 in k and g, is a unit. The edge equations require F; = G,/gx
for every incident i. The second sum relation is automatic since m, /g, = d,, and the first is
exactly >; ¢z = 0. Thus the auxiliary relations coincide with the presentation’s relations there
after renaming the vertex value.

At a high point, h, is a unit and d, = m, = 0 in k. Recovering G, from one edge reduces the
relations to

Z F, =0, qzi + (92/hz)F; is independent of i.
(2

The relation ) ; g»; = 0 also follows from these equations: sum the edge equations and use m,; = 0
and ) ; F; = 0. In the auxiliary space all F; equal f, so the first condition holds. It suffices to
require all incident g; equal. The auxiliary incident vector lies in the (m, — 1)-dimensional sum-zero
space. Its constant subspace has dimension one and lies in that space because m, = 0 in k. These
additional restrictions lose at most m, — 2 dimensions. Impose them at every high point. The
resulting space maps into the presentation’s solution space by retaining all Fj, g. and recovering
each G, uniquely. This map is injective: every auxiliary point value was already fixed by its incident
line values, so the retained coordinates determine the auxiliary solution. Combining its dimension
bound with (7.2) proves (7.1). O

8. TORSION-FREENESS: THE TWO INCIDENCE REGIMES

Assume the arrangement is neither a pencil nor a near-pencil. Then n > 4 and every multiplicity
is at most n — 2. Let M be the largest multiplicity and set k =n — M > 2. We first record two
elementary estimates.

Lemma 8.1. If M > 3, then
(8.1) c>(M—-2)(k-1).
If © has multiplicity M, any collection B of multiple points excluding x satisfies

(5.2 S(m,—2) < (’;)

yeB
If all points are double, ¢ = (n —2)(n —3)/2 > 0.

Proof. Choose a line through «x as infinity. The other M —1 lines through = become parallel affine lines.
Each of the remaining & lines meets all of them. A point where r remaining lines meet one parallel
line contributes r to affine by. All (M — 1)k such crossings are thus counted, and other contributions
are nonnegative. Since affine by =n — 1, this givesec>1—(n— 1)+ (M — 1)k = (M — 2)(k —1).
A point y # «x lies on at most one line through x. If r of the remaining &k lines pass through
it, then m, = r or r + 1. For a multiple point > 2 and m, — 2 < (;). The pairs of remaining
lines counted at distinct points are disjoint, proving (8.2). The double-point formula follows from
(1.2)—(1.3). O
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8.1. A large point. Suppose M > (n+4)/3. Since 0 < M < n, some prime p | n has v,(M) < v,(n);
otherwise n | M. The chosen largest point is non-high for this prime. By Proposition 7.1 and
Lemma 8.1,

k
> (M —-2)(k—1)— <2> > 0,
because M — 2 > k/2 is precisely 3M > n + 4. This proves torsion exists in the large-point regime.

8.2. Small points and the complex incidence inequality. Now suppose M < (n+4)/3. Let
tm, be the number of points of multiplicity m, let s =Y, ¢, and put I = >, mt,,. For n > 4
this regime gives M < 2n/3. Langer’s complex line-arrangement inequality [1, Proposition 11.3.1]
applies and gives

(8.3) I>n(n+3)/3, Zm(m — Dty =n(n—1).
Cauchy—Schwarz and monotonicity of u?/(n(n — 1) + u) for u > 0 give
I? (n + 3)?
4 > .
(84) S_n(n—1)+l_ 12
For n > 15 the right side is at least 2n — 3. Put Ry = >,,>3(m — 2)tp,. Then
(8.5) c=Ry+s—2n+3> Ry.

If Ry = 0, Proposition 7.1 gives 7, > ¢ > 0 for any p | n. Otherwise choose a multiple point of
multiplicity m < n and a prime p | n with v,(m) < vp(n). Its loss is absent from the high-point
sum, so
Tp > € — Z (my —2) > Ry — [Ro — (m — 2)] > 0.
z high
This covers every n > 15 in the small-point regime.

8.3. The remaining degrees. If n = p® no proper multiplicity m < n is high for p. Lemma 8.1
gives ¢ > 0, so 7, > ¢ > 0. Below 15 the remaining non-prime-power degrees are 6, 10,12, 14. Under
the small-point bound, at n = 6 choose p = 2 (then M < 3), at n = 10 choose p = 5 (then M < 4),
and at n = 14 choose p = 7 (then M < 6). No multiple point is high in these cases.

At n =12 one has M < 5. Put x = t3, y = t4, z = t5. Pair counting and Euler characteristic give

to + 3z 4+ 6y + 10z = 66, c=45—z — 3y — 6z.
The lower bounds are 7 > ¢ — 2y and 73 > ¢ — x. If neither were positive, then
2z + 3y + 6z > 45, T + by + 62 > 45,
s0 3z + 8y + 12z > 90. But (8.3) gives I = 132 — 3z — 8y — 15z > 60, hence 3z + 8y + 152 < 72, a

contradiction. Thus torsion exists also in this critical degree.

8.4. Pencils and near-pencils. For a pencil the incidence graph is a star, Z; = 0, and (1.7) gives
zero torsion. For a near-pencil every local defect C,, is zero: its only higher multiplicity is n — 1,
coprime to n. The nonresonant formula gives zero torsion because x(U) = 0. Together with the
preceding two regimes, this proves Theorem 1.2(3) and completes its proof.
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9. INVARIANT FACTORS AND EXAMPLES

The maps (1.5)—(1.6) are finite incidence maps, so (1.7) can be evaluated directly by integer Smith
reduction after presenting its finite modules. The order can also be read from an integer matrix:
represent L, by a, =0 and >; a; = 0, with free coordinates ai,...,ap—2 and an—1 = —> ;<,,_9 0.
Form the integer matrix K whose rows are mga; — >, a;. It is injective over Q: equalities on
a point make all incident potentials equal, and connectedness and a,, = 0 make them zero. If its
nonzero Smith factors are sq,...,s,_2, then

N n—2 nx(U) Hj ged(n, sj)2
B, = @ Z/gcd(n,s;), |Tor Hi(OF;Z)| = T god (. my )2
The integral rows of K need not be graph cycles; their reduction modulo n is exactly A, which is
all this computation uses.

For a generic arrangement every defect is zero. The answer is (Z/n)(”*Q)(”*B)/ 2| recovering
Sugawara’s theorem [5, Theorem 1.3]. For a pencil, B,, = L,, and the order formula reduces to one,
even though x(U) = 2 — n can be negative. The resonance factor cancels the negative power of n.

For the six-line A3 arrangement there are four triple and three double points, with x(U) = 2.
The all-ones cocycles over Fo are constant; over IF3, equality on opposite double-point pairs leaves
one independent class after the sum and constant relations. Thus Bg = Z/3, and (1.8) gives
62 - 32/3* = 4. The exponent bound and Corollary 4.2 at p = 2 give Tor Hy(0F;Z) = (Z/2)?. Here
p is not surjective: its cokernel is Z/3. This explains the resonance correction in the order formula.

For two four-line pencils with distinct centers and sixteen double cross-intersections, n = 8§,
x(U) =9, and By = 0: the complete bipartite double-point graph forces all mod-2 potentials to
agree. At the two fourfold points, a = 3, b), = 2, and ro = 4. Corollary 4.2 gives

Tor Hy(OF;Z) = (Z)2)* & (Z./8)°,
whose order is The finite complex records both exponents in this example. For resonant

coefficient systems with B, # 0, (1.7) computes the primary group by the two incidence maps;
Corollary 4.2 treats the case B, = 0.

j=1
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